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1 Introduction — Dynamical equations of a quantum system
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1 Introduction — Dynamical equations of a quantum system

Quantum device Environment

iW0,p=Gp
Schrédinger’s equation
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Damping
describes total system \

10,p = ICxp



2 Why bother ?

If you already have a quantum master equation (QME) in hand,
why would you bother to construct another one ?

[R. P. Feynman]': “Every theoretical physicist who is any good knows
6 or 7 different theoretical representations for exactly the same physics.”

Two fundamental QMEs offer mutually exclusive insights into the solution: p(t) =1I(t — to) p(to)
e JC better: microscopic pictures, approximation schemes, renormalization groups, ...

e ( better: Quantum information, Markovianity, stochastic simulations, ...

1. From The character of physical law.



2.1 The time-nonlocal approach: microscopic computation, frequency dependence, ...

t
O Tt ty) = —i/ ds (£, 5) TI(s, o)
ot ¢

0

1. “Memory” as delayed backaction of microscopic environment

M=—— K 4—+—<— K —~— K F~—+ | K |=—= + + 25+

2. Frequency domain for K(t,s) =K(t — s)

fi(w) = /O T ATI(E) et =

w—K(w)
I1(t) determined by Imw Rew
— Poles of IT(w) <= Fixed points K(wp) =w, % %
— Branch points of I[I(w) <=  Branch points K(w,) TOC{
X X
H. Schoeller, Dynamics of open quantum systems, arXiv:1802.10014
X X

3. Semigroup-Markov approximation:

P —i/t dsK(t—s) plt) = ~iK(0) p(t)

— 00
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2.2 The time-local approach: complete positivity, quantum Markovianity, ...

1. Weakly coupled system and environment =—> dynamics approximated by Lindblad semigroup Il = e tt—to) L

o . . . .
o Mt —to) = —i L II(t —to), —iL = —z[H,OH—; gk[Jk.Jg—g{Jng,.}]

—  Completely positive solution guaranteed by jx >0 !

—  Phenomenological construction of Jj “can’t go wrong”



2.2 The time-local approach: complete positivity, quantum Markovianity, ...

1. Weakly coupled system and environment = dynamics approximated by Lindblad semigroup II=e~#(t—t)~

ﬁn(t—to) = —iL-TI(t —t), —iL = —i[H, o]+ jk[JkoJ,I—l{J,I Jk,-}]
ot - 2
—  Completely positive solution guaranteed by jx >0 !

—  Phenomenological construction of Jy “can’t go wrong”

2. Strongly coupled system and environment = Every dynamics admits time-local QME by construction

Define G:—iTM-! —> %H(t,to) — iG(t, 1) TI(t, to)

—iG(tt0) = —i[H( 1), 0+ Y Gty to) [Je 1) @ I 1) = 5T 1) Tl 1), 0

—  Complete positivity but jx(t,to) <0 possible... | Markovianity based on ji(t,to)! |

—  Necessary to derive G from total Hamiltonian H,c = H + Hgr + Hr

3. Semigroup-Markov approximation:

L = lim G(t—ty) = G(co) G(00)=K(0)

to— —o0



3 The fixed-point relation

What is the explicit relation between /C and G ?

Construct following functional generalization of the Laplace transform of IC

t .
KIX(7)](t,t0) = /dle(t,s)T_)ezJSdTXm

to

i ge'e)
compare: K(w) = / dsK(t —s)etlt=9)w = / dsK(s) es«
J - Jo
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3 The fixed-point relation

What is the explicit relation between /C and G ?

Construct following functional generalization of the Laplace transform of IC

t .
KIX(7)](t,t0) = /dle(t,s)T_)e’fsdTX(T)

to

7
compare: K(w) = / dsK(t —s) ellt=9)

o>

The generator G is a fixed point of this functional:

G(t,to) = K[GI(t,to)

Stationary limit ¢, — —oo: the functional simplifies, lim;, _, _ o K[X]=K(X) = f;odth(t) X and G(oo) = K(G(c0)).



Iterative calculation of generator from memory kernel

g(n+1)(t, fo) :

= K[G™](t,to)

1. Convenient initial guess

—  Markovian: G(® =K (0) or G(c0)

—  Redfield: GO (t) = [, dsK(s)

2. Iterate:

G(t)=K[...K[Klg®7]]

3. It converges !

instable
G(t)

stable

Space of superoperator functions of time



Atomic damping: Physical singularities of the generator !

2

ﬁ Garraway, Phys. Rev. A 55, 2290 (1997)

Dissipative Jaynes-Cummings model with T'(w)=T"-

H+ Hg+ Hy = sde+/dwwblbw+/dw,/%(dwaerj,d), pr = |0)(0|

overdamped regime (v >2T") underdamped regime (v <2I")
1 1
exact
0.8 | g(gf(‘;g ] 0.8 |
g(‘l)(t) exact
—~ 5 L 1 K(0
= 06| = 06 g<1>((t§
= = )
=04t ] = 04 ¢ 1 GO
g(4)§t)
0.2 - 1 0.2 | \
0 I I I T \ 0 L L L L
0 1 2 3 4 5 6 0 02 04 06 08 1 1.2 14 16 18
try try
Small times: correct curvature Works beyond singularity (unlike perturbation theory) !

Large times: correct stationary limit
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4 Microscopic computations — perturbation theory and beyond

Memory kernel perturbation theory well-developed?:
e Time-space and frequency-space formulations (“Real-time diagrammatics”, also in QmeQ)

e Keldysh + superoperator version

Bl S S W S WD Sy W S e S

Each diagram consists of three parts:

PiD;

o contractions 7;;

- - @
vertices Gfii/ \L— bare propagators Il

2. Schoeller, Konig Phys. Rev. Lett. 84 (2000), Korb, Reininghaus, Schoeller, Konig, Phys. Rev. B 76, 165316 (2007)
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4.1 Superfermions and renormalized perturbation theory

Instead of defining G¥ e :{ fé: Zi 1_1 define instead “superfermions™ G7 e :% (die+p(—1)"e(—1)"d;)

= Only two non-zero contractions: v; () oc6(t) and v; ~(¢) !

Exactly resum “trivial” 417 (¢) contractions:
e Replace bare Liouvilloan Lo=[Hp,8] — L. = Lo+ X with infinite temperature Liouvilloan
e Only creation superoperators G allowed

e Same diagrams, different translation — cheap improvement bare pert. theory

Resulting PT is exact for I' - 0, T"— oo and terminates for U =0 !

3. Saptsov and Wegewijs, Phys. Rev. B 86, 235432 (2012), Saptsov Wegewijs, Phys. Rev. B 90, 045407 (2014)
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Benchmark vs bare perturbation theory (RTD QmeQ)

U=4T,e= -2.0I

0.8 A
0.7 +
0.6 A —— T=0.5 Renormalized
—-== T=0.5 Bare RTD QmeQ
0.5 A —— T=1 Renormalized
. —-== T=1 Bare RTD QmeQ
= 0.4~ T=2 Renormalized
T=2 Bare RTD QmeQ
0.3 —— T=5 Renormalized
0.7 - —-== T=5 Bare RTD QmeQ
0.1 4
0.0 +




Benchmark vs QMC, DMRG, FRG
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Eckel et al, New J. Phys. 12, 043042 (2010), Werner et al, Phys. Rev. B 81, 035108 (2010)
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4.2 T - flow renormalization group

Inspired by Wilson’s RG:*
e Perturbative descriptions fail whenever systems lack characteristic scale:
o Magnet at critical point — magnetization fluctuates with all wavelengths — missing length scale
o QED — intermediate states with arbitrary magnitude momentum — missing energy scale
e Replace Hamiltonian H with simpler effective Hamiltonian Hy and H =limy_, o Hpn
e Use RG transformation Hy 1= F[Hy]

e Fach step Hy — Hpy 41 represents small perturbation — compute systematically

Idea T-flow [technical inspiration “E-flow™]:
e Temperature sets the inverse correlation time reservoirs
e Use RG transformation Cr_sr = F[7]

e Lower T in small steps — increase effective coupling

4. Wilson Rev. Mod. Phys. 47, 773-840 (1975)
5. Pletyukhov and Schoeller, Phys. Rev. Lett. 108, 260601 (2012)
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Derive RG equations:

ox
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4.3 Benchmark: Stationary current voltage characteristics
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Eckel et al, New J. Phys. 12, 043042 (2010)

Werner et al, Phys. Rev. B 81, 035108 (2010)
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4.4 Short-time dynamics: T independent !

0.1 - ]
0.08 | ]
—
~ 0.06 - /\ 7
s
~
T=10" —— T=02[ ——
0.02 1 T =0.80 T=00 ——
T =0.6I" Eq. (5.37)
0 i | | | |
0 1 2 3 4 D

tr’

— short time observables are independent of T"

e (V-U-26) %4 (1~ {m)) [ 14 (U —20T) X



Thank you for your attention !

Summary:

My work has been focused on open quantum systems
from both a statistical physics and a quantum information perspective:

e Fixed-point relation G =K[G] & transformation of perturbation expansions:
Nestmann, Bruch, Wegewijs, Phys. Rev. X 11, 021041 (2021)
Nestmann, Wegewijs, Phys. Rev. B 104, 155407 (2021)

e T - flow renormalization group:
Nestmann and Wegewijs, SciPost Phys. 12, 121 (2022)

e Channel theory, fermionic duality, quantum (non)-Markovianity:
Bruch, Nestmann, Schulenborg, Wegewijs, SciPost Phys. 11, 053 (2021)
Reimer, Wegewijs, Nestmann and Pletyukhov, J. Chem. Phys. 151, 044101 (2019)
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